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Abstract: This paper proposes new delay-dependent consensus criteria for multi-agent systems with time-varying delays
and static interconnection topology. By constructing a suitable Lyapunov-Krasovskii’s functional and utilizing convex-
hull properties, new delay-dependent consensus criteria for the systems are established in terms of linear matrix inequali-
ties (LMIs) which can be easily solved by various effective optimization algorithms. One numerical example is given to
illustrate the effectiveness of the proposed methods.
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1. INTRODUCTION

A multi-agents systems (MASs) have received a great
deal of attention due to their extensive applications in
many fields such as biology, physics, robotics and con-
trol engineering, and so on. A prime concern in this
system is the consensus problem. This problem is the
agreement of a group of agents on their states of leader
by interaction. Specially, consensus problem with the a
static leader is called a leader-following consensus prob-
lem or consensus regulation. For more details, see the
literature [1]-[3] and references therein. Furthermore, it
has bee paid attention by applications in vehicle systems
[4] and networked control systems [5]. During the last
few years, the MASs are being put to use in the con-
sensus problem for time-delay which is due to the finite
speed of information processing. It is well known that
time-delay often causes undesirable dynamic behaviors
such as oscillation, performance degradation, and insta-
bility of the network. Moreover, analyzing the consensus
problem of the MASs with time-delay is identical to in-
vestigating the asymptotical stability of ones. The stabil-
ity criteria for time-delay systems can be classified into
two types: delay-dependent ones and delay-independent
ones. The former are generally less conservative then
the latter because that the delay-dependent stability cri-
terion include the information of delay [6]. Therefore,
various approaches to consensus analysis for MASs with
time-delay have been investigated in the literature [7]-
[11]. By a Lyapunov-based approach and related space
decomposition technique, a coordination problem are ad-
dressed for the MASs with jointly connected intercon-
nection topologies [7]. Liu et al. [8] obtained consensus
conditions for the second-order MASs systems with time-
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varying communication delays and static interconnection
topology. In addition, delay-dependent consensus condi-
tion is also obtained for the system with time-invariant
communication delay and switching topology. In [9],
based on the Lyapunov-Razumikhin methods, the prob-
lem of a leader-following consensus for the second-order
MASs with identical communications delays was consid-
ered. By using the Lyapunov-Krasovskii methods, the
consensus conditions are obtained in terms LMIs for the
second-order MASs with identical coupling delay [10].
Tian et al. [11] studied consensus for the MASs with
both communication and input delays. However, less
consideration has been paid to the delay-dependent con-
sensus conditions for MASs with time-varying delays.

In this paper, we propose new delay-dependent con-
sensus criteria for MASs with time-varying delays and
static interconnection topology. By constructing a suit-
able Lyapunov-Krasovskii’s (L-K) functional and utiliz-
ing convex-hull properties, new consensus criteria are de-
rived in terms of LMIs which can be solved efficiently by
using the interior-point algorithms [14]. One numerical
example is included to show the effectiveness of the pro-
posed method.

Notation: Rn is the n-dimensional Euclidean space,
Rm×n denotes the set of m × n real matrix. with the
topology of uniform convergence. For symmetric matri-
ces X and Y , X > Y (respectively, X ≥ Y ) means
that the matrix X − Y is positive definite (respectively,
nonnegative). In ∈ Rn×n and 0n ∈ Rn×n denote the
identity matrix and zero matrix, respectively. 0m×n ∈
Rm×n denotes the m× n zero matrix. ‖ · ‖ refers to
the Euclidean vector norm and the induced matrix norm.
diag{· · · } denotes the block diagonal matrix. ? repre-
sents the elements below the main diagonal of a symmet-
ric matrix. For a given matrix X ∈ Rm×n, such that
rank(X) = r, we define X⊥ ∈ Rn×(n−r) as the right
orthogonal complement of X; i.e., XX⊥ = 0.

1833



2. PROBLEM STATEMENTS
The interaction topology of a network of agents is rep-

resented using a directed graph G = (V, E) with the set
of nodes V = {1, 2, . . . , n} and edges E ⊆ V × V . The
set of neighbors of agent i are denoted by Ni = {j ∈ V :
(i, j) ∈ E}.

Consider the following multi-agent systems with
second-order agent dynamics

ẋi(t) = vi(t),

v̇i(t) = ui(t), i = 1, . . . , n, (1)

where n is the number of nodes, xi(t) ∈ R, vi(t) ∈
R and ui(t) ∈ R are the position, velocity and control
input, respectively, of agent i.

According to the works [7] and [8], we choose a con-
sensus algorithm with static leader interconnection topol-
ogy

ui(t) =−kivi(t)−
∑
j∈Ni

aij(xi(t)− xj(t))

−bi(xi(t)− x0), (2)

where x0 ∈ R is the position of the static leader, ki > 0
is control parameter, aij and bi are the interconnection
weights defining{

aij > 0, if agent i is conneted to agent j,
aij = 0, otherwise,{
bi > 0, if agent i is conneted to the leader,
bi = 0, otherwise.

In this paper, consider a model of MASs with time-
varying delays

ẋi(t) = vi(t),

v̇i(t) =−kivi(t)−
∑
j∈Ni

aij(xi(t)− xj(t− h(t))

−bi(xi(t)− x0), x (3)

or

ẋ(t) = v(t),

v̇(t) =−Kv(t)− (D +B)(x(t)− x01n)

+A(x(t− h(t))− x01n), (4)

where K = diag{k1, . . . , kn}, A = [aij ]n×n is a
weighted adjacency matrix, B = diag{b1, . . . , bn}, D =
diag{d1, . . . , dn} is the degree matrix of G with di =∑
j 6=i aij , 1n = [1, 1, . . . , 1]T and h(t) is the time-

varying delays satisfying

0 ≤ h(t) ≤ hM , ḣ(t) ≤ hD,

Let x̂(t) = x(t)− x01n and ηT (t) = [ x̂T (t), vT (t) ],
then, the systems (4) can be rewritten as

η̇(t) = Eη(t) + Fη(t− h(t)). (5)

where

E =

[
0n In

−(D +B)−K

]
, F =

[
0n 0n
A 0n

]
.

The aim of this paper is to investigate the delay-
dependent consensus analysis (in other word, stability
analysis) of the systems (5) with time-varying delays. In
order to do this, we introduce the following lemmas.

Lemma 1. For any constant matrix M = MT > 0,
the following inequality holds:

−h(t)

∫ t

t−h(t)
ẋT (s)Mẋ(s)ds

≤
[

x(t)
x(t− h(t))

]T [−M M
? −M

] [
x(t)

x(t− h(t))

]
. (6)

Proof. According to Jensen’s inequlity in [13], one ob-
tains

(β − α)

∫ α

β

ẋT (s)Mẋ(s)ds

≤−
(∫ α

β

ẋ(s)ds

)T
M

(∫ α

β

ẋ(s)ds

)
. (7)

If we choose α = t and β = t − h(t) in (7), inequality
(6) can be obtained. �

Lemma 2. [12] Let ζ(t) ∈ Rn, Φ[·] = ΦT[·] ∈ Rn×n,
and Υ ∈ Rm×n such that rank(Υ) < n. For given
0 ≤ h(t) ≤ hM where h(·) : R+ → R+, the following
condition

ζT (t)Φ[h(t)]ζ(t) < 0, subject to Υζ(t) = 0

holds if the following inequalities:

Υ⊥
T

Φ[0]Υ
⊥ < 0,

Υ⊥
T

Φ[hM ]Υ
⊥ < 0.

3. MAIN RESULTS
In this section, we propose new stability criteria for

network (5). Before introducing our main results, the no-
tations of several matrices are defined for simplicity:

ζT (t) =
[
ηT (t), ηT (t− h(t)), ηT (t− hM ), η̇T (t)

]
,

Υ = [ E,F, 02n,−I2n ] ,

Φ[h(t)] = 2e1Pe
T
4 + e1(Q1 +Q2)eT1 − e3Q2e

T
3

−(1− hD)e2Q1e
T
2 − 3e2Re

T
2 + h2Me4Re

T
4

−
(

2− h(t)

hM

)
e1R(eT1 − eT2 )

+

(
1 +

h(t)

hM

)
(e2 − e3)ReT3 , (8)

where ei (i = 1, . . . , 4) ∈ R8n×2n are the corresponding
block entry matrices, e.g., e2 = [ 02n, I2n, 02n, 02n ]T .

Now, we have the following theorem.
Theorem 1. For given scalars 0 < hM and hD, the

agents in the system (5) converge to the state of static
leader asymptotically, if there exist positive definite ma-
trices P ∈ R2n×2n, Q1 ∈ R2n×2n, Q2 ∈ R2n×2n and
R ∈ R2n×2n satisfying the following LMIs:

Υ⊥
T

Φ(p)Υ
⊥ < 0, p = 1, 2, (9)
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where Φ(p) are the vertices of Φ[h(t)].
Proof. Let us consider the following L-K functional can-
didate as

V = ηT (t)Pη(t) +

∫ t

t−h(t)
ηT (s)Q1η(s)ds

+

∫ t

t−hM

ηT (s)Q2η(s)ds

+hM

∫ t

t−hM

∫ t

s

η̇T (u)Rη̇(u)duds. (10)

The time-derivative of V can be calculated as

V̇ ≤ 2ηT (t)P η̇(t) + ηT (t)(Q1 +Q2)η(t)

−(1− hD)ηT (t− h(t))Q1η(t− h(t))

−ηT (t− hM )Q2η(t− hM ) + h2M η̇
T (t)Rη̇(t)

+

 η(t)
η(t− h(t))
η(t− hM )

T Ξ

 η(t)
η(t− h(t))
η(t− hM )

 , (11)

where

Ξ =


(
h(t)
hM
− 2
)
R
(

2− h(t)
hM

)
R 02n

? −3R
(

1 + h(t)
hM

)
R

? ? −
(

1 + h(t)
hM

)
R

 ,
and −hM = −h(t) − (hM − h(t)) and Lemma 1 were
utilized in obtaining an upper bound of V̇ .

From (10) and (11), the time-derivative of V has a new
upper bound as

V̇ ≤ ζT (t)Φ[h(t)]ζ(t), (12)

where Φ[h(t)] and ζ(t) are defined in (8).
Also, the system (5) with the augmented vector ζ(t) can
be rewritten as

Υζ(t) = 0, (13)

where Υ is defined in (8).
Therefore, a stability condition for system (5) is

ζT (t)Φ[h(t)]ζ(t) < 0, subject to Υζ(t) = 0. (14)

By utilizing Lemma 2, the condition (14) is equivalent
to the following LMIs

Υ⊥
T

Φ[0]Υ
⊥ < 0,

Υ⊥
T

Φ[hM ]Υ
⊥ < 0. (15)

From the inequalities (15) and convex-hull properties, if
the LMIs (16) satisfy, then stability condition (14) holds.
This complete our proof. �

When the information about ḣ(t) is unknown, then, by
setting Q1 = 0 in the L-K functional (10), we can obtain
the following corollary.

Corollary 1. For a given scalar 0 < hM , the agents
in the system (5) converge to the state of static leader
asymptotically, if there exist positive definite matrices

P ∈ R2n×2n, Q2 ∈ R2n×2n and R ∈ R2n×2n satis-
fying the following LMIs:

Υ⊥
T

Φ̂(p)Υ
⊥ < 0, p = 1, 2, (16)

where Φ̂(p) are the vertices of

Φ̂[h(t)] = 2e1Pe
T
4 + e1Q2e

T
1 − e3Q2e

T
3

−3e2Re
T
2 + h2Me4Re

T
4

−
(

2− h(t)

hM

)
e1R(eT1 − eT2 )

+

(
1 +

h(t)

hM

)
(e2 − e3)ReT3 .

4. NUMERICAL EXAMPLES
In this section, one numerical example to illustrate

the effectiveness of the proposed stability criteria will be
shown.

Fig. 1 The static interconnection topology.

Example 1. Consider the MASs (5) with the static
interconnection topology described in Figure 1. Clearly,
the static leader is the goblally reachable. We choose the
control gain K = diag{1.5, 1.5, 1.5, 1.5}. From Figure
1, the weighted matrix A, B and the degree matrix D are

A=


0 1.7 0 0
0 0 0 0
0 1.3 0 0

1.1 0 0 0

 , B =


0 1.1 0 0
0 0 0 0
0 0 0 0
0 0 0 0

 ,
D= diag{1.7, 0, 1.3, 1.1}.
For the above networks, the results of the upper bound

of time-delay with hD provided by Theorem 1 and Corol-
lary 1 are listed as Table 1. This means that the proposed
criterion can guarantee the network to achieve the asymp-
totical consensus for 0 ≤ h(t) ≤ hM and ḣ(t) ≤ hD any
constant h > 0 which is less than the upper bound of
time-delay with hD.

It is assumed that the conditions of time-delay are in
listed as Table 2. The simulation results for positions and
velocities of the agents with the conditions of time-delay
are shown in Figures 2 and 3. The figures show that the
each agent with the responses converge to the position of
static leader for given chosen initial states of the agents.
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Table 1 The upper bound of time-delay with hD.

hD 0 0.1 0.2 0.5 0.8 unknown
hM 3.14 2.20 1.87 1.42 1.35 1.35

Table 2 The conditions of Simulation.
No. Condition h(t)

C1 hM = 1.42,hD = 0.5 0.5 sin(t) + 0.92
C2 hM = 1.35,hD : unkwoun 1.35| sin(t)|

5. CONCLUSIONS
In this paper, the delay-dependent consensus criteria

for the MASs with time-varying delays and static inter-
connection topology are proposed. To do this, the suit-
able L-K functional is used to investigate the feasible re-
gion of consensus criteria. One numerical example has
been given to show the effectiveness and usefulness of
the presented criteria.
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