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Abstract: This paper considers synchronization problem of a complex dynamical network. For this problem, a decen-
tralized guaranteed cost dynamic feedback controller is designed to achieve the synchronization of the network. Based
on Lyapunov stability theory and linear matrix inequality framework, the existence condition for feasible controllers is
derived in terms of linear matrix inequalities. Finally, the proposed method is applied to two numerical examples in order
to show the effectiveness of our result.
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1. INTRODUCTION

Complex dynamical networks have received a great
deal of attention since they are shown to widely exist
in various fields of real world, such as Internet, World
Wide Web, food webs, electric power grids, relationship
networks, disease transmission networks, scientific cita-
tion networks, social networks and so on, which have
become a focal research topic and have drawn much at-
tention from researchers working in different fields [1]-
[2]. For these reasons, the complex dynamical network
has already been one of the most popular topics in the
areas of scientific research in recent years. In partic-
ular, one significant and interesting phenomenon is the
synchronization of all its dynamics. Until now, in or-
der to treat the synchronization problem for a complex
network, researchers have been apply to various control
schemes [3]- [8]. However, the investigation of the syn-
chronization problem via dynamic feedback controller
for complex networks have been received little attention
to date. The dynamic controller will provide more flex-
ibility compared to the static controller and the appar-
ent advantage of this type of controller is that it provides
more free parameters for selection [9]. So it is very worth
to consider the design problem of dynamic controller for
synchronization in a complex network.

On the other hand, designing a stabilizing controller
for a complex network with /N nodes is often difficult if
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not impossible, because of their complexity and strong
interconnection. Therefore, it is more efficient to con-
struct decentralized controllers to achieve control objec-
tive for the network. The strategy of decentralized control
scheme is individually to design the controller for each
node of the network. In addition, when controlling a real
plant, it is also desirable to design a control system which
is not only stable but also guarantees an adequate level of
performance. There is a solution so called guaranteed
cost control approach [10]- [11]. The approach has the
advantage of providing an upper bound on a given linear
quadratic cost function. However, to the best of authors’
knowledge, the decentralized and guaranteed cost control
problem for complex dynamical network is still an open
area and worth considering.

From above motivation, we consider the problem of
decentralized control via dynamic feedback controllers
for asymptotic synchronization of a complex network.
Furthermore, in order to consider both stability and per-
formance of the network, the guaranteed cost control
scheme for the synchronization problem is also applied.
The existence condition of such controller is derived in
terms of LMIs which can be easily solved by standard
convex optimization algorithms [12].

Notation: R™ is the n-dimensional Euclidean space,
R>** denotes the set of m x n real matrix. X > 0
(respectively, X >0) means that the matrix X is a real
symmetric positive definite matrix (respectively, positive
semi-definite). I,, denotes the n-dimensional identity ma-
trix. || - || refers to the Euclidean vector norm and induced
matrix norm.
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2. PROBLEM FORMULATION

Consider a complex dynamical network consisting of
N linearly coupled identical nodes as follows:

N
xi(t) = f(xi(t))JrZCijzj(t)+ui(t)a
o1 N (1)

where z; = (241, Zi0,...,2im)7 € R™ is the state vec-
tor of the ith node, f : R — R"™ is a smooth nonlinear
vector field, w;(t) is the control input of ith node, and
C = (cij)Nxn is the coupling matrix of the network,
where the coupling configuration parameter, c¢;;, is de-
fined as follows: If there is a connection from node ¢ to
node j(i # j) then ¢;; is nonzero; otherwise ¢;; = 0 (i #
j), and the diagonal elements of matrix C' are assumed
Cij = _Zg\le,jyéici]" (’L = 1,...,N).

Assumption 1. The smooth nonlinear function f(-) is
satisfied following Lipschitz condition:

1f(a) = FO) < lla =] 2

Our objective of the paper is to design stabilizing con-
trollers wu;(t) for each nodes which renders asymptotical
synchronization between all nodes of the complex net-
work and a target node, i.e.

x1(t) = z2(t) = =an(t) = s(t) as t — oo,
where s(t) € R™ is a solution of a target node, satisfying
$(t) = f(s(1)). 3)

For our synchronization scheme, let us define error
vectors as follows :

eit) = s(t) — i(t). “)

From Eq. (4), the error dynamics is given to

N
éi(t) = f(s(t) — flzi(t)) — Zcijej(t) —u;(t)

B N
= filei(t)) — Z cijej(t) —ui(t),
izl,...,]if_ 5)

where f;(t) = f(s(t)) — f(:(t)).
In order to stabilize the error system given in Eq. (5),

the following dynamic feedback controllers is proposed:

Gi(t) = AciCi(t) + Beei(t),

where (;(t) € R™ is the state vector of controller, and

(6)

A, Be; and Cy; are constant gain matrices of ith node
with n. X n dimensions.

Applying this controller (6) to error system (5) results
in the following closed-loop system

- - filt)
4i(t) = Hiz(t) = Y Cigz(t) + 10 ] ; @)
j=1
where
2= | cr,
Gi(t)
~ cijIn 0 c R2n><2n
“ 0 0
_ 0 —-Cg4
;= ct c R2n><2n'
Bci Aci

As a tool of measuring performance, the following
quadratic cost function is defined:

Ji = /O Oo(eiT(t)Qiei(t) —&-uiT(t)Riui(t))dt, 8)

where ); and R; € R™*"™ are given positive-definite ma-
trices.

The corresponding closed-loop cost function can be
written

0 0 CTIR,Cy

= / - 2 () Quzi(t)dt. 9)
0

Definition 1. Consider system (5). If there exist a con-

Z; (t)dt

troller u;(t) given in (6) and a positive constant J* such
that the closed-loop system (7) is asymptotically stable
and the closed-loop value of the cost function (8) satis-
fies J < J*, then J* is said to be a guaranteed cost and
u;(t) is said to be decentralized guaranteed cost synchro-
nization controller.

Before proceeding further, a well-known fact is given, be-
low.

Fact 1. (Schur complements) Given constant symmetric
matrices Y1, 29, 23 Where X1 = ET and 0 < ¥p = 25,

then ©3; + %1% '%3 < 0 if and only if
I 4 —y, N4 1 o

<0, or
X3 2o

Ty

3. CONTROLLER DESIGN

In this section, the existence criterion for a decentral-
ized guaranteed cost dynamic controller (6) for error sys-
tem (5) will be derived by use of Lyapunov theory and
LMI convex optimization framework.

The following is a main result of this paper.

Theorem 1. For given (); > 0 and R; > 0 and a known



Lipschitz constant I = [1,,, the controller (6) is the guar-
anteed cost synchronization dynamic controller for the
complex network (1) if there exist positive-definite ma-
trices S;,Y;, X;4 € R™ ™ and matrices X;1, X;2, X;3 €
R™*™ satisfying the following LMIs :

I'; <0, (10)
Y, I
! >0, i=1,...,N 11
I s, ] { (11)
where
N
a=VN, 01:(2012])%,
j=1

YL+ LY; — X1 — X5 + o® X,
L+ X5+ a%Y; + Y;Qi,
= LS + SiL+ Xio + X5 +a?T + Qs,
aY;, Ty(1,3) = Y;Q;,
XaR;, Ti(1,6) = el
—I, T4(3,3) = —Qs,
—R;, T(5,6) = S;e;, 14(6,6) = —1I,

Ty(1,1) =
Ti(1,5) =
T(5,5)
Ii(1,2) =
Ty(1,4) =
(2,2) =
T,(4,4) =

b

and otherwise entries of the matrix I'; are zero.

Then, the upper bound of cost function is given by
Ji < €] (0)Sie;(0) £ J;. (12)
Proof. Consider a Lyapunov function for system (5)

N
V=> Vi) Z (t)Pz(t)), (13)
=1

1=1
where P; € R?"*27 > (0, i=1,...,N.

By Assumption 1, the time derivative of V is

N
Vo= > ((PH+ H ' P)zi(t) +22] ()P,
i=1
fi(t) Sy
X [ Zo ] 227 (t)P; chjz](t)
7j=1
N
< N (I (PH; + HI P)zi(t)
i=1
N
j=1
where
H = L _Cci
Bci Aci
By a well-known fact that
—2a"b < eaa” + e 10bT, € >0, (15)

we have

-

N
Il
-

N
—22] ()P, Cijzi(t)
j=1

-

N
Il
-

N
(z? (O PiCaiChPizi(t) + > zi(t) 2i(t)
j=1

I
] =

(ZZT (t)Pi Cdi CCZII;PZ Z (t)
1

.
Il

+o2z(t) (1)), (16)
where Cy; = Ciln 0
0 0

Thus, from Eq. (16), Eq. (14) can be rewritten as

follows:
) N
Vo< Z (PiH; + HI' P, + P,Cy;CL P;
+0121)Zi(t)
N N
= > ATzt =Y A (1)Qiz(), (17)
i=1 i=1

Therefore, if 3; < 0, there exist positive scalars ~;
such that

V<-— Zz (£)Qizi(t) Z%Iez ®I%  a8)
which guarantees the asymptotic stability of error system
(5) by Lyapunov stability theory.

It should be pointed out that the matrix P; > 0 and the
controller parameters A.;, B.; and C¢; in the matrix >3;
are unknown and occur in nonlinear fashion. Hence, the
inequality >; < 0 cannot be considered as an LMI prob-
lem. So, we will use a method of changing variables such
that the inequality can be solved as convex optimization
algorithm [13].

First, partition the matrix P; and its inverse as

Si  D;
Df T

Y, M;
MW

-1

’ 7

P, =

] ;o (19

where S;, Y; are positive-definite matrices, and M;, D; €
R™*™ are invertible matrices. It should be noted that the
equality PflPi = I gives that

M;Df =1-Y;S,. (20)

Define two matrices as

Y, I I S
F; = : 21
MFT o]’ [0 D.T] 1)

K2

E; =




Then, it follows that

Y
P,E; = F;, E/PE;=E]F, = e

! ] > 0. (22)

Now, postmultiplying and premultiplying the matrix
inequality, 32; < 0, by the matrix E] and by its transpose,

respectively, gives

F'H,E; + E'HI' F + EF (o1, + Q;)E;

+FCy;CLE; < 0. (23)
By Fact 1, the inequality (23) is modified to
(1,1) (1,2) &I 0
2,2) S;¢; 0
x (22 Se <0, (24)
* * -1 0
* * * -1
where
(1,1) = YiL+ LY; — M;CL — C.,M! + oYY,
+Y;Q:Yi + 2MMFE + M;CLR,Ci MY
(1,2) = L+YiLS;+Y;BLD] — M;,CLS
+M;ALD] + oY, + YiQ,
(2,2) = LS; +S;L+ D;B.; + BLD!I + oI + Q;.

By defining a new set of variables as follows:

X1 = M;CL,
Xio = D; By,
X3 =Y,LS; + YiXZE — XiS; + Ml-AZ;DiT,

Xy = MM,

(25)

then, by Fact 1, inequality (24) is equivalent to the LMI
(10).
On the other hand, from Eq. (18), we get

V< =2 ()Qix(t). (26)

Integrating both sides of the above inequality from O
to T’y leads to

Ty
/O 21 (1)Qizi(t) < V(0) — V(Ty). (27)

Since the asymptotic stability of the system has al-
ready been established, we conclude that V(T}) — 0
as t — oo. Hence we have

Ji < 25(0)Qi2:(0) = el (0)S;ei(0) = J;. (28)

This completes the proof. l

Theorem 1 presents a method of designing a dynamic
feedback controller for synchronization of a complex net-
work (1). In the following, we will present a method
of selecting the optimal controller minimizing the upper
bound of the guaranteed cost (12).

10

Theorem 2. Consider error system (5) and cost function
(8). For all i, if the following LMI optimization problem,

Bi (29)

min
Bi,Si,Y:,Xi1,Xi2,Xi3
subject to

(i) LMIs (10) and (11) (30)
(ii) [ _f i e{_((;)isi ] <0 31)

has the solution set (53;,S;,Y;, X;1, Xi2, X;3), the con-
troller (6) is the optimal guaranteed cost dynamic con-
troller which ensures the minimization of the guaranteed
cost (12) of the system. The optimal cost is Zf\il Ji =

Zivzl Bi =P

Proof. By Theorem 1, Eq. (30) is clear, and from Fact 1,
Eq. (31) is equivalent to e (0)S;e;(0) < f3;. So, it fol-
lows from (12). Thus, the minimization of (; implies the
minimization of the guaranteed cost (8). It is well-known
that the convexity of the LMI optimization problem en-
sures that a global optimum, when it exists, is reachable.
This completes the proof. l

Fig. 1 The chaotic behavior of Lorenz system

4. NUMERICAL EXAMPLES

In this section, a simulation result is presented to show
the effectiveness of the proposed control scheme, which
synchronize all nodes of a complex network to a target
node.

Consider a complex dynamical network with five lin-
early coupled identical nodes which are Lorenz chaotic
systems [14]. Fig. 1 depicts its chaotic behavior. The
dynamic equation of a complex network of this example
is described by:

N
ai(t) = flai(t) + Z cijay(t) + i), (32)



a(wiz — 1)
CT;1 — X432 — X41T43 5 Z:L...,5
Tj1Tie — bz

with the parameters a = 10, b = 8/3, ¢ = 28.

It is noted that the Lipschitz constant of Lorenz system
is I = 50 and initial conditions of each nodes are chosen:
xz1(0) = [1, —=0.5, —1.7], z2(0) = [-0.5, 0.4, 0.3],
x3(0) = [0.6, 0.5, 0], z4(0) = [1.1, —1.5, 1.3],
x5(0) = [0.1, —0.5, 1.7], s(0) = [0.1, 0.1, 0.1]. The
parameters associated with cost function are chosen as
@ = I and R = I and the coupling matrix, C, is given
by

-3 1 1 0 1
1 -4 1 1 1
C=02x 0 1 -2 1 0 (33)
0 1 1 -3 1
1 0 0 1 -2

In order to show original behavior of the complex net-
work (32), the trajectories of the error signals of each
nodes without controller is depicted in Fig 2. Now, by
consideration of LMI problem given in (10), (11) in The-
orem 1, we can calculate feasible solution set from Eqgs.
(25) by utilization of MATLAB LMI Toolbox (see Ap-
pendix).

The simulation result with control inputs which are
calculated by Theorem 1 are presented in Fig. 3. As seen
in Fig. 3, the trajectories of error systems are indeed well
stabilized and also the state orbits of controller approach
to zero. It can be concluded that our proposed dynamic
controller guarantees asymptotic synchronization of the
complex network (32) under some value of performance
index.

Finally, by solving the optimization problem (29)
given in Theorem 2, the optimal guaranteed cost of
closed-loop system are obtained and listed in Table 1.

Table 1 The cost value of each method

5
Theorem 1 5.1008 x 10°
Example 1
Theorem 2 2.5718 x 103

S. CONCLUSIONS

In this paper, the synchronization problem of a com-
plex dynamical network has been studied. The decen-
tralization control method was considered in the sense of
reality. Unlike other works, a guaranteed cost dynamic
feedback controller was designed for the synchronization

11
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Fig. 2 Error signals of the example without controller
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Fig. 3 Error signals and control states of the example by
applying Theorem 1

problem based on the Lyapunov method and LMI frame-
work. Then, two criteria expressed by LMIs for achiev-
ing both stability and performance of error dynamics was
derived. Finally, a numerical example was illustrated to

show the effectiveness of the designed controller.

REFERENCES
(1]

S.H. Strogatz, “Exploring complex networks,” Na-
ture, Vol. 410, pp.268-276, 2001.

M.E.J. Newman,
complex networks,” SIAM Review, Vol. 45, pp.167-
256, 2003.

N. Li, Y. Zhang, J. Hu and Z. Nie, “Synchroniza-

tion for general complex dynamical networks with

“The structure and function of

(2]

(3]

sampled-data,” Neurocomputing Vol. 74, pp.805-
811, 2011.

D.H. Ji, S.C. Jeong, J.H. Park, S.M. Lee and S.C.
Won,
tain complex dynamical network with delayed cou-

(4]

“Adaptive lag synchronization for uncer-

pling,” Applied Mathematics and Conputation, Vol.
218, pp.4872-4880, 2012.

G.P. Jiang, W.K.S. Tang and G. Chen, “A state-
observer-based approach for synchronization in
complex dynamical networks,” IEEE Transactions



on Circuits and Systems I, Vol. 53, pp.2739-2745, APPENDIX

2006.
e The parameters of controller of an example by using

) . Theorem 1.
[6] S. Zheng, G. Dong and Q. Bi, “Impulsive syn-

chronization of complex networks with non-delayed —1.2122 =0.0027 —0.0080

Ag =10% x | —0.0027 —1.2088 —0.0043 |,

| —0.0080 —0.0043 —1.2204

[ 6.9704 0.0296 0.0888

B =10* x | 0.0296 6.9323 0.0485 |,

| 0.0888 0.0485 7.0615
5.9369 0.0014 0.0041

C. = | 0.0014 5.9351 0.0022 |,
0.0041 0.0022 5.9411

[ —2.1216  0.0076  0.0051

— 103 _ _
[8] R.Li,Z.S.Duan and G.R. Chen, “Cost and effect of Acz = 107 x 0-0076 2.1102 0.0025 1,
0.0051 —0.0025 —2.1080

pinning control for network synchronization,” Chi- L d

nese Physics B, Vol.18, pp.1674-1056, 2009. ) 10828 =0.0007 —0.0005
Bep =10° x | —0.0007  1.0818  0.0002 |,

—0.0005 0.0002 1.0816 |

and delayed coupling,” Physics Letters A, Vol. 373,
pp-4255-4259, 2009.

[7] B. Shen, Z. Wang and X. Liu, “Bounded 7—[>\{qu
Synchronization and State Estimation for Discrete

Time-Varying Stochastic Complex Networks Over
a Finite Horizon,” IEEE Transactions on Neural
Networks, Vol. 22, pp.145-157, 2011.

[9] J.H. Park, “Convex optimization approach to dy-

namic output feedback control for delay differen- 12,0894 —0.0917 00611

. » o Cea=| —0.0917 11.9519  0.0306 |,

tial systems of neutral type,” Journal of Optimiza-

. Lo —0.0611 0.0306 11.9264

tion Theory and Applications, Vol. 127, pp.411-423, L

2005 —850.2763 —0.6060 0.1515

' Az = —0.6060 —850.0036 0.1212 |,

0.1515 0.1212 —849.5491

[10] J.H. Park, H.Y. Jung, J.I. Park and S.G. Lee, “De- -

centralized dynamic output feedback controller de- 43137 0.0054  ~0.0014

. o Bes = 10* x 0.0054  4.3113 —-0.0011 |,
sign for guaranteed cost stabilization of large-scale
. » , . —0.0014 —0.0011 4.3072
discrete-delay systems,” Applied Mathematics and L7031 0.0000 0.0000
Computation, Vol. 156, pp.307-320, 2004 ‘ e '
Cez = | —0.0000 4.7031 0.0000 |,

0.0000  0.0000 4.7031
[ —1.2114  0.0064 —0.0048
Ag =103 x | 0.0064 —1.2176  0.0077 |,
| —0.0048  0.0077 —1.2131
[ 6.9606 —0.0710  0.0533
B =10*x | —0.0710  7.0298 —0.0852 |,
0.0533 —0.0852  6.9801

[11] J.H. Park, “Guaranteed cost stabilization of neutral
diferential systems with parametric uncertainty,”
Journal of Computational and Applied Mathemat-
ics, Vol. 151, pp.371-382, 2003.

[12] B. Boyd, L.E. Ghaoui, E. Feron and V. Balakrish-

nan, Linear matrix inequalities in systems and con-

9363 —0.0031  0.002
trol theory, STAM, Philadelphia, 1994. 59363 0.003 0.0023
C.y = | —0.0031 5.9393 —0.0037 |,
0.0023 —0.0037 5.9372
[13] C. Scherer, P. Gahinet and M. Chilali, “Multiobjec- =
. . e —849.5188 0 0
tive output-feedback control via LMI optimization,
. . Acs = 0 —850.6680 3.0645 |,
IEEE Transactions on Automatic Control, Vol. 42, 0 3 0645 857 6908
pp-896-911, 1997. L ’ ’
4.3070 0 0
L o Bes = 10* x 0 43164 —0.0252 |,
[14] E.N. Lorenz, ‘“Deterministic nonperiodic flow,”
. . 0 —0.0252 4.3741
Journal of the Atmospheric Sciences, Vol. 20,
130-141, 1963 47031 0 0
Pp- IR Cs = 0 4.7027 0.0009

0 0.0009 4.7006

12





