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Robust non-fragile guaranteed cost control of uncertain large-scale
systems with time-delays in subsystem interconnections

Ju H. PARK*

In this paper, the robust non-fragile guaranteed cost-control problem is studied for a
class of uncertain linear large-scale systems with time-delays in subsystem interconnec-
tions and given quadratic cost functions. The uncertainty in the system is assumed to

be norm-bounded and time-varying. Also, the state-feedback gains for subsystems of

the large-scale system are assumed to have norm-bounded controller gain variations.
The problem is to design a state feedback control law such that the closed-loop
system is asymptotically stable, and the closed-loop cost function value is not more
than a specified upper bound for all admissible uncertainties. Sufficient conditions for
the existence of such controllers are derived based on the linear matrix inequality
(LMI) approach combined with the Lyapunov method. A parameterized characteriza-
tion of the robust non-fragile guaranteed cost controllers is given in terms of the feasible
solutions to a certain LMI. A numerical example is given to illustrate the proposed

method.

1. Introduction

There exist many real-world systems that can be
modelled as large-scale systems: examples are power sys-
tems, communication systems, economic systems, social
systems, transportation systems, and so on. It is also
well known that the control of such large-scale systems
can become very complicated owing to the high
dimensionality of the system equation, uncertainties,
and time-delays. So, it is standard practice to divide
such systems into a number of interconnected subsys-
tems (Siljak 1978, Mahmoud e al. 1985). In view of
reliability and practical implementation, the decentra-
lized stabilization of large-scale interconnected systems
becomes a very important problem and has been studied
extensively for more than two decades (see, for example,
Geromel and Yamakami 1982, Shi and Gao 1987, Chen
et al. 1991, Chen 1992, Ho et al. 1992, Yan et al. 1998).
Also, since time-delays are frequently introduced because
of computation of data, measurement of system vari-
ables, or signal transmission between subsystems,
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many researchers have considered the problem of
stability analysis and control of various large-scale
systems with time-delays (see, for example, Lee and
Radovic 1988, Hu 1994, Jiang and Wang 2000,
Oucheriah 2000, Cheng et al. 2001, and references
therein). However, when controlling a real plant, it is
also desirable to design a control system which is
not only stable but also guarantees an adequate level
of performance. One way to address the robust perfor-
mance problem is to consider a linear quadratic cost
function. This approach is the so-called guaranteed
cost control (Chang and Peng 1972). The approach
has the advantage of providing an upper bound on a
given performance index, and thus the system perform-
ance degradation incurred by the uncertainties is
guaranteed to be less than this bound. Recently, there
have been considerable efforts to tackle the guaran-
teed-cost controller design problem (Petersen 1995,
Petersen et al. 1998, Guan et al. 1999, Yu and Chu
1999, Aliyu 2000, Arzelier and Peaucelle 2000).

While the above methods yield controllers that
are robust to uncertainties in the plant under control,
their robustness with respect to uncertainties in the
controllers themselves has not been considered. In a
recent study by Keel and Bhattacharyya (1997), it
is shown that the controllers may be very sensitive,
or fragile with respect to errors in the controller
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coefficients, although they are robust with respect to
plant uncertainty. This raises a new issue: how to
design a controller for a given plant with uncertainty
such that the controller is insensitive to some amount
of error with respect to its gain, i.e. the controller is
non-fragile. More recently, there have been some efforts
to tackle the non-fragile controller design problem
(Dorato 1998, Dorato et al. 1998, Famularo et al.
1998, Corrado and Haddad 1999). Unfortunately,
untill now, the topic of robust non-fragile control for
large-scale systems has received little attention. In this
paper, we consider a class of linear large-scale systems
with parametric uncertainties in the system matrices,
controller gain variations, and time-delays in subsystem
interconnections. The uncertainty is time-varying and is
assumed to be norm-bounded. Using the Lyapunov
functional technique combined with a linear matrix
inequality (LMI) technique, we develop a robust non-
fragile guaranteed cost control for this system via memo-
ryless state feedback, which makes the closed-loop
system robustly stable for all admissible uncertainties
and guarantees an adequate level of performance. A sta-
bility criterion for the existence of the guaranteed cost
controller is derived in terms of LMIs, and their solu-
tions provide a parameterized representation of the con-
trol. The LMIs can be easily solved by various efficient
convex optimization algorithms (Boyd et al. 1994).
Finally, a numerical example is given to illustrate the
proposed design method.

Notations: Throughout the paper, R" denotes the
n-dimensional Euclidean space, and R"™" is the set of
all n x m real matrices. I denotes the identity matrix
with appropriate dimensions. Ay (-) denotes the largest
eigenvalue of the given matrix. diag{---} denotes
the diagonal matrix. For symmetric matrices X and
Y, the notation X > Y (respectively, X > Y) means
that the matrix X — Y is positive definite, (respectively,
nonnegative).

2. Problem formulation

Consider a class of uncertain large-scale system com-
posed of N interconnected subsystems described by

N

Si 50 = [+ A4 [0+ [ Ay + 2450w~ 1)
i

+Bu(f), i=1,2,...,N, ()

where x;(f) € R™ is the state vector, u;(z) € R" is the
control vector, and t; is the time-delay between subsys-
tem i and j. The system matrices A;, B;, and A4; are
of appropriate dimensions, and AA;(¢) and AA;(¢) are

real-valued matrices representing time-varying param-
eter uncertainties in the system.
Assume that the pair (4;, B;),i =1,..., N, is stabiliz-
able, and the time-varying uncertainties are of the form
AAi(Z) = DaiFai(l)Euia AAI]([) = DaijFaij(l)Eaija (2)
where D, Dy, Eqi, and Ey; are known constant real
matrices with appropriate dimensions, and F,(r) and

F,j(t) are unknown matrix functions which are
bounded as

Fi(OFu(n) <1, FL(OFgu0) <1, Vi, j>=0. (3)

Associated with each subsystem S; is the following quad-
ratic cost function

Ji= ro [ 000+ ul ORu]dr )
0

where Q; € R"*" and R; € R™>" are given positive-
definite matrices.

Now, although one finds the controller u;(¢) = K;x;(¢)

for each subsystem, the actual controller implemented is

ui(t) = —[K; + AKi]xi(1), i=1,2,...,N, (5)

where K; € R™>" is the nominal controller gain to be

designed, and AK; represents the multiplicative gain
perturbations of the form

AK; = Hi®,(t)EK;, (6)

with H; and E; being known constant matrices,
and uncertain parameter matrix &;(¢) satisfying
oI ()@i(1) < 1.

Here, the objective of this paper is to develop a
procedure to design a state feedback controller wu,r)
for uncertain system (1) and cost function (4), such
that the resulting closed-loop subsystem given by

Xi() = [A; + AAi(1) — B,(I + H; P (1) E)K;] xi(1)

N
+ Y Ay + Ay (O]t — 7)) (7)
J#i

is asymptotically stable, and the closed-loop value of
the cost function (4) satisfies J; < J;, where J; is some
specified constant.

Definition 1: For an uncertain large-scale system (1)
and cost function (4), if there exist a control law u(¥)
and a positive J; such that for all admissible uncertain-
ties the closed-loop system (7) is asymptotically stable
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and the closed-loop value of the cost function (4) satis-
fies J; < J, then J is said to be a guaranteed cost,
and u}(¢) is said to be a guaranteed cost-control law of

system (1) and cost function (4).

Remark 1: The controller gain perturbation can result
from the actuator degradations, as well as from the
requirement for readjustment of controller gains
during the controller implementation state (Keel and
Bhatacharyya 1997, Dorato 1998). These perturbations
in the controller gains are modelled here as uncertain
gains that are dependent on uncertain parameters.
In the literature (Famularo er al. 1998, Haddad and
Corrado 1998, Corrado and Haddad 1999), the models
of additive uncertainties and multiplicative uncertainties
are used to describe the controller gain variation.
The uncertainty given in (6) is a class of multiplicative
uncertainties.

Before proceeding further, we will state a well-known
lemma (Boyd et al. 1994).

Lemma 1: The linear matrix inequality

ox)  S(x)
> 0,
ST(x) R(x)
is equivalent to
R(x) >0, Ox)— SR (x)ST(x)>0,

where Q(x) =
affinely on x.

07(x), R(x) = RT(x) and S(x) depend

3. Design of robust decentralized guaranteed
cost controller

In this section, we consider the problem of decentral-
ized robust non-fragile guaranteed cost control for the
uncertain closed-loop system described by (7) using the
Lyapunov method combined with the LMI technique.

For simplicity, we define

N 12 172
wo= (D) 2= (Soumt)

JF#L JF#L
N 1/2
Ry = (Z(I + Ea]z az)) > i = )‘}\éz(HiTRiHi)'
JF#L
®)
Theorem 1: u;(7) = —K;x;(t) is a guaranteed cost con-

troller for each subsystems if there exist positive-definite
matrix P; and positive scalars B;, ey, and &; such that

for any admissible uncertain matrices Fi(t), Fu;(t), and

®,(1), the following matrix inequality holds:

A[ Pi+ Pid; + £0iPiDuiD i Pi + & Eji Ei — PiBiK;
~ KI'BTP; + ¢ 'KT'ETE;K; + ¢, P;B;H;H BT P;
+ PiAsAL P+ PiDyDLP; + RL Ry + Qi + KT RiK;
+ B 'KTETEiK; + B:K! R H;H! RK;
+ W K'ETEK;, <0 fori=1,2,. 9)

Proof: Consider a Lyapunov function candidate

"
Mz

Vi

(xT(nPA,(z) . J

J=Lj#i T

1

I
Mz

ij (s) R,;,-x_,-(s)ds)

1

(10)

where R;; is the positive definite matrix to be chosen
later.
The time derivative of V' is given by

i=1

|

J=Lj#i

N
v=>" {xT (OPxi(1) + x] (1)P3x(1)

x] (DR (1) — X (1 — 1) Ryxj(1 — Ti/)] }
(11)

Substituting (7) into (11), we have

N
V: Z {X,T([)I:A,TP, +P,A, +2P,'Du,'Fai(f)Em'

i=1

—2P;BiK;— 2PiBiHiq9i(t)EiKi]xi(t)

N
+2x] (t)P; Z (Ajj + Dy Foij() Eqij)x; (1 — Ty7)
J=Li#j

N
+ Z [x,T(t)R,jxj(t) — )CIT(t — 'L'ij)R,f/'Xj(l‘ - ‘L',j)] } .
J=Lj#
(12)
Using the well-known inequality that

UAVT + VAUT <eUUT +7'PVT, >0 (13)

for any matrices U,V and A with ATA <1, we can
eliminate the unknown factor, F,(?), F,;(1) and ®(¢),
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of parameter uncertainties. Then, the terms on the right-
hand side of (12) are bounded as

N
> 2 2x] (1) PiDai Foui(1) Eairxi(0)
i=1

(501 T(Z)P DazFal(t) (Z)D P’C(l)

le

+So,l {(DE g Eyixi(1))

< Z(SOiXiT(Z)PiDaiD;Pixi(l)+86,-]xiT(f)EZEaiXi(l))

N
- Z2X[T(t)PiBiHiq)i(t)EiKixi(t)

-

=

(7' xT KT ET EiKixi(r)

e (OPBH @ ()] (O H] B Pixi(1))

<

M=

(e xT OKT ET EiKixi(r)
1

+ EjXT(I)P,'B,‘HiH»TBTP,'XZ'(Z‘))

szT([)P ZAUX/(I ‘L'l,)

J#i

N N
< Z( T(l)P ZA,/ATP X,(l) + ZXIT(Z — rii)XI(t — Ti/)>

T i

P”qz

( T(t)PiAg AL Px,(z‘)+ZxT(t )X (1 — r,])>

1 JF#i

szTmP ZDQ,,F[,,,mEm,x,(z 7))
=1

JF#

N
S Z( T(Z)P ZDal/Fa[,(l) [”/([)DZ;]P x-l(l)

J#i

N
+ Z xJ-T(l — r,,)Em]E,,,,xj(t - fif)>
#

™M=

=<

N
(x,-T ()P Y " DaiD i Pixi(1)

1 i

N
Z<><>)

JF#L

I
.MZ

(x[T(t)PiDdiD;iPixi(t)

i=1

i

N
+ Z ij(l — r,,)EaUEa,,x,-(t — r,;,-)), (14)

where A, and D, are defined in (8), and gy; and &; are
positive scalars to be chosen.
Substituting (14) into (12) gives
N
< Z!x{(z)[ ATP;+ Pid; + £0iPiDoi DT P; + 65 ET E,q
i=1
+¢&'KTETE;K; —2P;BiK; +&;P;:B;H;H" BT P,

+ P AgAT P, + P.D D! P]xl(t)

N
+ ) [X,T (ORy2x;(1) = x] (1 — 1)

J=1j#

x (Ry—1- EaUE[,,,>xj(t—r,;,-)]}. (15)

Now, let us choose R;; as I + ET

aij

E,; and note that

i=1 j=1,i#j J#

N N
D > X (R = Zx%) (Z R,,)x (. (16)
Then (195) is simplified as

14 v

Il
Mz

Il
=

Mz

{ xT(z) AT Pi + PiA; + £0:PiD DL P; + ey ELE,;
1

—2P:BK; + R, Ry + ¢ 'K ET E.K;
+ & P;B;H;H] Bl P; + P;A;ALP;

+ PDyD} ]x,(z)}

x] (D)Qx(1)

1

1
,MZ

Il
M=

1

{xiT (t)[Q + 0+ KT RiK; + 2K RAK;
+ AKfR,-AK,-]x,;(t)

—x (0] Qi+u] (r)Rl-u,(z)]xi(t)}. a7

Again, using the inequality (13), for 8; > 0, we have

2xT ()K" RiAK;x(2)
< B7'xI (K ET EiKixi(t) + Bix] (DK R H;H! R;K;x(?)
xT(OATK R AKx(t) < w2xI (OKT ET EiKixi(0).
(13)
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By substituting (18) into (17), the matrix inequality (9)
implies that

N N
V= Zl Vi< - ;x,-T(t)[Qi +u (DRiui(0)]xi(1) < 0.
(19)

Noting Q; > 0 and R; > 0, this implies that the system
(7) is asymptotically stable by Lyapunov stability
theory. Furthermore, from (19), we have

xI(0(Qi + KT RiKy)xi(t) < V.

Integrating both sides of the above inequality from 0
to T leads to

JTX,-T(Z)(Qi + K RiK)xi(1)dt
0

< x7(0)Pixi(0) — xT(T)Pix«(T)

N 0
+ZJ x;(5)" Ryx;(s) ds

A T
N T

_ Z J xj(s)” Ryx;(s) ds.
A T

As the closed-loop system (7) is asymptotically stable,
when T — oo,

T
xj(s)TRijxj(s) ds — 0.

x[T(T)Pixi(T) — 0 and J
T—7;

Hence we get

waf (000, + K] RiK)x,(1)di < x7(0)Px,(0)
0

N 0
J# Y T
which completes the proof. 0

In the following, we will show that the above sufficient
condition for the existence of guaranteed cost control-
lers is equivalent to the feasibility of LMI.

Theorem 2: For given R; > 0 and Q; > 0, if there exist
a matrix M,, positive-definite matrices X;, and positive
scalars, B;, ceoi, and &;, such that for i =1,2,...,N, the

following LMI is feasible:

> X,-E£ M,TEIT X,R;i X; > ]

*  —eoid 0 0 0 0

* * —eil 0 0 0

<0

* * * —1 0 0

* * * * — ,-_1 0
L % * * * * -3

(21)

where X; = P7! and

Ti = X;AT + A4, X; + e0;DyiDY; — B:M; — MT BT
+ &B;H;H! BT + A4AL + D4DY,

£, =M ME] piM]RiH; uM[E]],

Y3 = diag{R;", Bil, B:I., I},

then the state feedback control law

ui(t) = —Kixi(1) = =M X7 x,(1) (22)
is a non-fragile guaranteed cost control law for robust
decentralized stabilization of the uncertain large-scale
systems (7), and the corresponding closed-loop value
of the cost function satisfies J; < JF, in which J' is
given in (20).

Proof: By premultiplying and postmultiplying X;
onto (9), we get

XA + AiX; + e0iDuDL; + 5 X,ELE, . X; — BIK;X;
— X,K"'Bl +&7'X,K" E'E.K; X; + ¢;B;H;H' B!
+ AaiAj; + DaDy + X[ Ry RaiX; + XiQiX;
+ XK' RK:X; + 87 X, KT ET EK; X;
+ B XK RHHT RK:X; + 1 X, KT ETE;K X, < 0.
(23)

Using a change of variable, M; = K;X;, and Lemma 1,
the inequality (23) is equivalent to (21). This completes
the proof. ]

Remark 2: Since the inequality (21) is a linear matrix
inequality in X;, M, ey;, €;, Bi, the inequality (21) defines
a convex solution set of (X;, M;, B;, €oi, &), and therefore
various efficient convex optimization algorithms can be
used to check whether the LMI is feasible. Moreover,
the decentralized gain matrix K; can be calculated
from the relation M; = K,-Pi_1 after finding the LMI
solutions, X; (= P;') and M; from (21). In this paper,
in order to solve the LMI, we utilize Matlab’s LMI
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Control Toolbox (Gahinet er al. 1995), which imple-
ments state-of-the-art interior-point algorithms, which
is significantly faster than classical convex optimization
algorithms (Boyd et al. 1994).

Theorem 2 presents a method of designing a state
feedback guaranteed cost controller. The following
theorem presents a method of selecting a controller
minimizing the upper bound of the guaranteed cost (20).

Theorem 3: Consider system (7) with cost function (4).
If the following optimization problem

min o;
Xi, M, eois €i, Bir i
(i) LMI (21) (24)
—(a; = Ty)  x7(0)
(ii)[ <0, fori=1,2,...,N
x;(0) —X;

(25)

has a solution set («a;, B;i, Xi, M, goi, &), then the control

law (22) is an optimal non-fragile guaranteed cost control

law which ensures the minimization of the guaranteed cost

(20) for lhoe uncertain large-scale system (7), where
N T

D=3 [ ()" Ryxj(s) ds.

Proof: By Theorem 2, (i) in (24) is clear. Also, it
follows from the Lemma 1 that (ii) in (24) is equiva-
lent to x7(0)X;'x;(0)+T; < ;. So, it follows from
(20) that

Jf<a;, fori=1,2,...,N.

Thus, the minimization of «; implies the minimization of
the guaranteed cost for the subsystem (7). The convexity
of this optimization problem ensures that a global
optimum, when it exists, is reachable. OJ

To illustrate the application of the proposed method,
we present the following example.

T T T T T T T
: : — x11(t)
,,,,,,,,, S Y X12(t) o
" | |
o) : ‘
g : :
) : .
: L
_0_2— 44444444444 I ./»u-: »»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»»
: , :
S :
04F / ,,,,,, ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,
" :
06+ ST T e
e :
/ :
_0.8_./ ,,,,,,,,,,,,,,,,,,,,,, 444444444444444444444444444444444444444444444444444444444444444444444444444444
| :
AR B R EEERERR
| | | | | | |
0 1 2 3 4 5 6 7 8
Time(sec)

Figure 1. State responses of subsystem 1.
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Example 1: Consider a large-scale system which is com- where
posed of the following two interconnected subsystems

02 0 sin(¢) 0 1 0
) 0 1 AA(t) = .
xi1(2) = { 5 x1(1) 0 04 0 sin2) (|0 1
0.5
1 —01 05 _ -
Xt = 1) + Ady (D () AAW)—[O }Sm@f)[o Lol
05 05 1
2 0 0 037[sin@) 0 0
+ AAp@O)x(t - 1)+ uy (1), '
0 Ad( =103 0 02 0 0 0
11 0 0.1 0 05 0 0 sin()
x@H=10 0 1 |x2(2)
L1 s 10 0
1 0 X 0 0 0 5
w1 0 0.5 |xi(= 0.5+ Ads()x2(2) 00 1
05 1 05
10 .
F At —0.5)+ | 1 0.5 [w() Adn() = | 0.1 |sin([1 1],
0 1 0.5
T T T T T T T
oL 7X21(t) -
\ _ x22t
\ — - Xyt
151 .
\.
|
1H -
\
3 N
g S
s —
/
05 .
/
/
[
-1t .
/
[
-15H s
|
|
ol |
| | | | | | |
0 1 2 3 4 5 6 7 8

Time(sec)

Figure 2. State responses of subsystem 2.

|
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Control laws

4}
!
|
-5 'J ,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,,, —_— U1(t) i
] : = Uy
I : — - Uy()
| | | | | | |
0 1 7 8
Time(sec)
Figure 3. Control inputs for subsystems 1 and 2.
and the initial conditions of each subsystem are as fol- system 1 as
lows:
1.3380 —0.6686
X)) =100 0], xa() =100 0", for —1<1<0 1= [_0.6686 0_7932} M, =[5.1725 0.0000],

Eo1 = 21854, & = 05173,

xi@=[1 =117, x@)=[052 -2, fort=0.
Bi = 10% x 7.3832, o) = 9.5426.

Also, the following multiplicative controller uncertain-

ti f the f 6 idered:
ies of the form (6) are considere Similarly, the solutions for the subsystem 2 are as
follows:
0.2
H=[1 1], E=
0.2 r 0.1193 0.3397 —0.1337
X, = 0.3397 1.1078 —0.6813 |,
05 0 05 0
Hy = . E = ) | —0.1337 —0.6813 2.0792
005 0 05 o [ 3.5294 3.5294 0.0000
?7 [ —0.0000 17647 x 3.5295 ’

Associated with this system is the cost function of (4)
with Q1 = ],Qz = ]le =0.27 and R2 =0.21.

Here, solving the optimization problem of Theorem 3, 1n8 _
we find the positive solutions of the LMIs for the sub- Br =107 x 3.5267, @ = 6.4915.

e = 1.2958, & =3.5294,



Robust non-fragile guaranteed cost control 241

Therefore, the gain matrices, K; of the stabilizing
controller, u;, for two subsystems are

Ky =M X;' =[6.6788 5.6296 ]
[200.0072 —62.9207 —7.7596]

Ky = MyX;! =
—63.8996  24.6793  5.6763

and the optimal guaranteed costs of the uncertain closed-
loop system are as follows:

JF =y =9.5426
J =ay = 6.4915.

For computer simulation, the following control laws
are employed:

u()=—-(I+ H o ()ENK x1(2)
ur(t) = —(I + Hy ®1(0) E2) Ko xo(2),

where

| sin(?) 0
(Dl(t)_[ 0  cos(r)

sin(¢)

The simulation results are shown in figures 1-3. In the
figures, one can see that the system is indeed well
stabilized irrespective of uncertainties and controller
gain variations.

4. Conclusion

In this paper, a robust non-fragile guaranteed
cost-controller design method for uncertain large-scale
interconnected systems with time-delays in subsystem
interconnections is presented by the LMI framework.
Using the Lyapunov method, the controller is obtained
through a convex optimization problem. Finally, a
numerical example is given for illustration of controller
design, and simulation results show that the system
is well stabilized in spite of controller gain variations
and uncertainties.
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